
� 
� Objec&ve	–	We	will	inves&gate	the	basics	of	
probability	theory,	Complements	and	
Unions,	Intersec&ons,	Condi&onal	
Probability,	and	Expected	Value.	



13.1	–	The	Basics	of	
Probability	Theory	

We	will	calculate	probabili/es,	use	
coun/ng	formulas,	and	look	at	
probability	with	odds	



� Definition – an ______________ is any 
observation of a random phenomenon. The 
different results are called _____________. 
The set of all possible outcomes is called the 
______________ _________. 

� Example) List the sample space: 
(a) flipping a coin   (b) rolling a die 



� 

� Example	1)	List	the	sample	space	(Hint:	it	might	help	to	
draw	a	tree	diagram):		

Three	children	are	born	into	a	family	and	we	note	the	
order	of	birth	



� Remark – In probability theory, an 
___________ is a ___________ of the entire 
sample space. 

� Example) Describe each event. 
(a) We roll two dice, and obtain a sum of 7 

(b)  Two girls and a boy are born into a family 



� Definition – The _____________ of an 
outcome is a number between ____ and ____, 
inclusive.  

� **The _____ of all probabilities in a sample 
space is _____. 

� The _____________ of an event “E” (written 
_________) is defined as the ______ of the 
probabilities of the outcomes that make up 
“E”. 



� 

� Example	2)	You	roll	a	six	sided	die.	Find	each	
probability:	

	
(a) Rolling	a	five	

(b) Rolling	an	even	number	

(c) Rolling	a	seven		



� 

� Example	2a)	You	flip	a	coin	two	Gmes.	Find	each	
probability	

	
(a) P(2	Heads)	

(b) 	P(Less	than	1	tail)	

(c) 	P(at	least	1	tail)	



� Remark – _____________ Assignment of 
Probabilities – If “E” is an _________ and we 
perform an experiment several times, then we 
estimate the probability of “E” as: 

This ratio is sometimes called the ____________ 
_____________ of “E” 



� 

� 13.1	Ac7vity	–	Drawing	Cards	
(1) We	will	pair	up.	
(2) Each	pair	is	given	four	cards	(a	diamond,	a	spade,	a	

club,	and	a	heart)	
(3) Choose	a	card.	Try	to	pick	the	heart	
(4) Each	person	tries	three	7mes.	
(5) Record	each	result	(whether	heart	or	not)	in	the	

google	form:	



� 

� Example	3)	You	draw	one	card	from	a	standard	deck.	
Find	each	probability.	

(a) P(King)	

(b) P(Ace	or	Queen)	

(c) *Challenge:	P(Ace	or	Spade)	



� Remark – The Law of ____________ 
_____________ - If an experiment is repeated 
an _____________ number of times, then the 
empirical probability approaches the 
______________ _____________ of the event. 



� 

� Example	4)	A	pharmaceuGcal	company	is	tesGng	a	flu	
vaccine.	They	tested	100	paGents,	and	observed	the	
side	effects.	The	data	is	presented	in	the	table:	

Find	the	probability	that	a	person	given	the	vaccine	has:	
(a)	No	side	effects	 	 	(b)	Mild	side	effects	

Side	Effects	 Number	of	Times	

None	 64	

Mild	 29	

Severe	 7	



� 

� Example	5)	Assign	probabiliGes	to	each	outcome	

(a) Flip	three	fair	coins.	What	is	the	probability	of	each	
outcome?	

(b) 	Draw	five	cards	from	a	standard	deck.	What	is	the	
probability	that	we	draw	one	parGcular	hand?	



� 

� Example	6)	Find	each	probability	
(a) What	is	the	probability	in	a	family	with	three	children	

that	two	are	girls?	

(b) If	we	draw	5	cards	from	a	standard	deck,	what	is	the	
probability	that	all	5	are	hearts	(a	flush)?	



� Remark – Basic properties of probability – 
Assume “E” is a sample space. Then there are 
three basice properties 

� (a) 

� (b) 

� (c) 



� Definition – If the outcomes of an event are 
__________ likely, then the ______ __________ 
an event “E” are the ___________ of 
___________ against E compared to the 
____________ of ____________ for E. We can 
write this as _____________, where E’ is the 
______________ of E 

Example) You roll a die. What is the probability 
you don’t roll a 5? 



� 

� Example	7)	A	common	roule^e	wheel	has	38	equal-
size	compartments.	Thirty-six	of	the	compartments	
are	numbered	1	to	36	with	half	red	and	half	black.	
The	remaining	two	compartments	are	green	and	
numbered	“0”	and	“00”.	A	small	ball	is	placed	on	the	
spinning	wheel	and	when	the	wheel	stops,	the	ball	
rests	in	one	of	the	compartments.	What	are	the	odds	
against	the	ball	landing	on	red?	



� 

� Exit	QuesGon)	You	flip	a	coin	three	Gmes.	Find	each	
probability.	

(a) P(exactly	two	tails)	

(b) P(less	than	four	heads)	



We	will	understand	the	rela/onship	
between		an	event	and	its	complement,	
and	explore	the	formula	for	a	“Union”	



� Definition – Computing the Probability of 
the ____________ of an Event – If “E” is an 
event, then: 

� Example) You roll a die. Find P(not 4). Draw a 
venn diagram to model the situation. 



� 

� Example	1)	You	flip	three	coins.	Let	“x”	be	the	number	
of	tails	you	get.	Find	each	probability.	

(a) P(x	=	2)	

(b) P(x	≠	2)	

(c) P(x	<	3)	

(d) P(x	≥	1)	



� 

� Example	2)	The	table	below	classifies	a	certain	group	
of	first-Gme	voters	according	to	poliGcal	party.	If	we	
randomly	select	a	person	from	this	group,	what	is	the	
probability	that	the	person	is	(draw	a	Venn	diagram):	

	 	 	 	 	(a)	Democrat 	 	
	 	 																						(b)	Not	Democrat	
Party	 Percent	

Democrat	 42.4	
Republican	 26.3	
Libertarian	 1.3	
Other	 6.3	
None	 23.7	



� Definition – Rule for computing the 
probability of a __________ of two _________. 
If “E” and “F” are two events, then  

� **If “E” and “F” have no outcomes in 
common, then they are  called _____________ 
___________ (Because E ∩ F = 0, or “null”) 

� Draw a venn diagram of two events 



� 

� Example	3)	Evaluate.	
	
(a)	Given	P(A)	=	.5,	P(B)	=	.25,	and	P(A	∩	B)	=	.15,	find	
P(A∪	B)			

(b)	Given	P(A)	=	0.45,	P(B)	=	0.3	and	P(A∪	B)	=	.2,	find	
P(A	∩	B).	



� 

� Example	3b)	You	select	a	single	card	from	a	standard	
deck.	Find	each	probability	and	draw	a	Venn	
Diagram.		

(a) P(Heart	or	Jack)	

(b) P(Spade	∪	Face	Card)	



� 

� Example	4)	Using	Algebra.	A	magazine	conducted	a	
survey	of	readers	regarding	their	health	concerns.	
The	survey	found	that	35%	of	the	readers	were	
concerned	with	improving	their	cardiovascular	fitness	
and	55%	wanted	to	lose	weight.	70%	are	concerned	
with	either	improving	cardiovascular	or	losing	
weight.	What	is	the	probability	that	a	random	person	
is	concerned	with	improving	cardiovascular	and	
losing	weight?	



� 

� Example	5)	You	select	one	card	from	a	standard	deck.	
Find	each	probability	and	draw	a	venn	diagram.	

(a) P(4	or	5)	

(b) P(Spade	∪	Red)	



� 

� Exit	QuesGon)	You	select	one	card	from	a	standard	
deck.	Find	each	probability.	

(a) P(Ace	and	red)	

(b) P(Spade	or	Black)	



We	will	explore	condi/onal	probability,	
and	understand	the	difference	between	
independent	and	dependent	events	



� Definition – _____________ probability – 
When we compute the probability of an 
event “F” ___________ event “E” has already 
____________, this is called the _____________ 
_____________ of F, ________ E. This is 
denoted: 

� We can still use venn diagrams to illustrate 
this: 



� Remark – General Rule for Computing 
____________ - If “E” and “F” are ___________ 
in a sample space with equally likely 
______________, then  

 
Example) You roll two dice. What is the 
probabilty that you roll a sum of 9 given that 
you know the sum is odd? 



� 

� Example	1)	Assume	that	we	roll	two	dice	and	the	
total	showing	is	greater	than	9.	What	is	the	
probability	that	the	total	is	odd?	(Hint:	this	is	a	
condiGonal	probability)	



� 

� Example	2)	The	state	bureau	of	labor	staGsGcs	
conducted	a	survey	of	college	graduates	comparing	
starGng	salaries	to	majors:	

� If	we	select	a	Health	Major	at	random,	what	is	the	
probability	she	earns	above	$35,000?	

Major	 $25001-
$30000	

$30001-
$35000	

Above	
$35000	

Totals	

Liberal	
Arts	

9	 1	 1	 11	

Science	 10	 2	 2	 14	
Health	 7	 1	 1	 9	
Technol
ogy	

7	 8	 4	 19	

Total	 33	 12	 8	 53	



� 

� Example	2b)	The	state	bureau	of	labor	staGsGcs	
conducted	a	survey	of	college	graduates	comparing	
starGng	salaries	to	majors:	

� If	we	select	a	graduate	who	earns	$25001-$30000,	
what	is	the	probability	he	is	a	technology	major?	

Major	 $25001-
$30000	

$30001-
$35000	

Above	
$35000	

Totals	

Liberal	
Arts	

9	 1	 1	 11	

Science	 10	 2	 2	 14	
Health	 7	 1	 1	 9	
Technol
ogy	

7	 8	 4	 19	

Total	 33	 12	 8	 53	



� 

� Example	3)	Suppose	that	we	draw	two	cards	without	
replacement	from	a	standard	deck	of	cards.	Find	

(a) P(King	|	King)	

(b) P(King	given	Queen)	

(c) P(black	|	Spade)	



� 

� Example	4)	From	past	history,	60%	of	people	pass	the	
driving	test	for	the	first	Gme,	75%	pass	on	the	2nd	try,	
and	only	30%	who	take	it	a	third	Gme	pass.	

(a) What	is	the	probability		that	a	person	will	fail	the	1st	
Gme	and	pass	the	2nd?	

(b) What	is	the	probability	that	a	person	will	fail	twice	
and	pass	the	3rd	Gme?	



� Definition – Events “E” and “F” are 
________________ events if 

Otherwise, E and F are ______________. 



� 

� Example	5)	Assume	we	roll	a	red	and	a	blue	die.	What	
is	the	probability	that	the	sum	is	greater	than	10	
given	the	red	die	is	a	“5”?	

� Are	the	events	independent	or	dependent?	



� 

� Example	6)	Drug	Tes/ng.	Assume	that	2%	of	
paiGents	take	a	drug	for	a	virus,	and	doctors	give	a	
test	that	is	99%	accurate	that	the	virus	is	cured.	What	
is	the	probability	that	if	a	randomly	chosen	paGent	is	
idenGfied	as	taking	the	drug,	the	virus	is	not	cured?	



� Remark – Bayes’ Theorem – The probability 
of an event “A” given event “B” has occurred, 
is given by: 

 
 
Where A’ is the _____________ of A. 



� 

� Example	7)	Use	Bayes’	Theorem:	

If	P(A)	=	2/3,	P(B|A)	=	1/5,	and	P(B|A’)	=	½,	find	P(A|B).	



� 

� Example	7b)	Challenge.	A	jar	contains	4	red	marbles	
and	2	blue	marbles.	Separately,	a	box	contains	3	blue	
marbles	and	5	red	marbles.	Suppose	that	first	you	
select	either	the	jar	or	box,	and	then	second,	you	
select	a	marble	from	that	jar	or	box.	Given	that	you	
selected	a	blue	marble,	what	is	the	probability	it	
came	from	the	jar?	



� 

� Exit	QuesGon)	Two	cards	are	drawn	from	a	standard	
deck,	without	replacement.	Find	each	probability,	and	
tell	whether	the	events	are	independent	or	
dependent.	

(a) P(Red	Card	given	King)	

(b) P(Ace	|	Spade)		



Given	probabili/es,	we	will	explore	
expected	value,	and	calculate	the	
expected	value	of	loFeries	and	games	
of	chance	



� Definition – Assume that an experiment has 
outcomes 1 to n with probabilities 
______________________. Assume each 
outcome has a numerical value associated 
with it (___________________). Then the 
______________ _________ of the experiment 
is given by: 



� 

� Example	1)	Suppose	that	we	flip	a	coin	three	Gmes.	
What	is	the	expected	number	of	tails	that	we	will	
flip?	

� Example	1b)	Suppose	that	we	flip	a	coin	four	Gmes.	
What	is	the	expected	number	of	heads	that	we	will	
flip?		



� 

� Example	2)	On	a	Roule^e	Wheel,	there	are	38	
numbers	(1-36,	“0”	and	“00”).	If	you	place	a	$1	wager	
on	a	number,	and	your	number	comes	up,	you	win	
$35.	Otherwise,	you	lose	the	$1.	What	is	the	expected	
value	of	this	wager?	



� 

� Example	3)	LoFery.	It	costs	$2	to	buy	a	Gcket	to	the	
daily	lo^ery.	The	player	chooses	a	three-digit	number	
between	000	and	999,	inclusive,	and	if	the	number	is	
selected,	the	player	wins	$500.	Find	(a)	the	profit	you	
earn	if	you	win	and	(b)	the	expected	value	of	your	
lo^ery	Gcket.	



� 

� Example	4)	Standardized	Tests.	A	student	is	taking	a	
standardized	test	consisGng	of	mulGple	choice	
quesGons,	each	of	which	has	four	choices.	The	test	
taker	earns	1	point	for	each	correct	quesGon,	but	
loses	¼	of	a	point	for	each	wrong	answer.	Find	the	
expected	value	of	a	student	who	randomly	guesses	
on	every	quesGon.	



� 

� Example	5)	Life	Insurance.	Based	on	mortality	tables,	
the	probabiity	of	a	20-year-old	male	living	to	age	21	
is	0.99.	If	a	$1,000	one-year	term	life	insurance	policy	
on	a	20-year-old	male	costs	$25,	what	is	its	expected	
value?	



� 

� Exit	QuesGon)	You	play	a	game	that	costs	you	$1	to	
roll	a	single	six-sided	die.	If	you	roll	a	1	or	a	6,	you	win	
$2.	Otherwise,	you	lose	the	$1.	What	is	the	expected	
value	of	playing	this	game?	



We	will	explore	applica7ons	of	
probability,	including	the	Birthday	
Problem	and	Binomial	Experiments.	



� Remark – The _____ ________________ 
______________ - the “St. Petersberg Paradox” 
was discovered in the year 1713 by Daniel 
Bernoulli and his cousin, Nicolas Bernoulli. 
It deals with decision theory and economics. 



� 

� Example	1)	Suppose	there	is	a	game	of	chance	in	
which	you	flip	a	coin,	and	guess	if	it	is	heads	or	tails.	
The	game	costs	$10	to	play.	If	you	guess	right	the	
first	Gme,	you	win	$2.	Then,	every	Gme	you	guess	
correctly,	the	prize	doubles	(that	is,	if	you	guess	2	
flips	right,	you	win	$4;	3	flips	right,	you	win	$8,	and	so	
on).		

� Find	the	expected	value	of	guessing	three	flips	
correctly.		



� 

� Example	1b)	Suppose	there	is	a	game	of	chance	in	
which	you	flip	a	coin,	and	guess	if	it	is	heads	or	tails.	
The	game	now	costs	$200	to	play.	If	you	guess	right	
the	first	Gme,	you	win	$2.	Then,	every	Gme	you	guess	
correctly,	the	prize	doubles	(that	is,	if	you	guess	2	
flips	right,	you	win	$4;	3	flips	right,	you	win	$8,	and	so	
on).		

� How	many	Gmes	must	you	guess	correctly	in	order	to	
make	a	profit	on	the	game?	



� Remark – The _____________ ____________ - 
the “birthday problem” is a paradox 
involving people who have the same 
birthday! 



� 

� Example	2)	You	are	in	a	class	of	5	students.	What	is	
the	probability	that	none	of	you	share	the	same	
birthday?	



� 

� Example	2b)	You	are	in	a	class	of	24	students.	Find	
the	probability	that	at	least	two	students	share	the	
same	birthday	(The	birthday	paradox).	


