
Unit 12 – Limits & Derivatives

We will investigate rates of change, 
limits, and the Fundamental Theorem 
of Calculus
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11.1 - Graphical Limits

We want to estimate limits using 
graphs, and be able to understand end 
behavior of functions
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Definition – Limit – Recall the definition of a limit: For a 
function f(x), 

if as ____________, f(x) approaches ___ from both 
sides. Usually, limits exist if the function is 
_____________ at x = c or if there is a _____________ 
________________.
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Remark – The existence of a limit is ____________ of 
the function’s existence at the point (________)!

Continuous Removable Discontinuity
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Example 1) Estimate the limit using a graph.
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Definition – One-sided Limits – To further analyze a 
limit, we can evaluate it from _______ ________.

Moreover, we can state that the limit of a function f(x) 
exists at x = c ____ ____ _____ ___:
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Remark – unbounded behavior:
Example 2) Evaluate the limit graphically, if it exists.
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Remark (con’t) – unbounded behavior:
Example 2b) Evaluate the limit graphically, if it exists.
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Example 3) Use the table of values and graph to 
evaluate the limit, if it exists.
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X Y
-0.002
-0.001

0 Error
0.001
0.002
0.003



Example 4) Infinite Limits & harmonic motion. Use the 
table of values and graph to evaluate the limit, if it 
exists.
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X Y
-1

-0.05
0 1

0.5
1

1.5



Exit Question) True or false.
1) If f(x) approaches a constant “L” as x → c from only 

one side of the function, then the limit at x = c 
exists.

2) If f(x) approaches ∞ from both sides of the function 
as x → c, then the limit exists.
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11.2 – Algebraic Limits

Objective – Now, we will evaluate limits 
using algebraic skills, to determine 
behavior around a point.
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Remark – Let’s discuss some techniques to diagnose 
limits. They are:
1) Dividing out factors
2) Rationalizing the root
3) Direct Substitution
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Example 1) Evaluate the limit by dividing out factors.
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Example 2) Evaluate the limit by dividing out factors.
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Example 3) Evaluate the limit by rationalizing the root.
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Example 4) Evaluate the limit by rationalizing the root.
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Example 5) Evaluate the limit by direct substitution.
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Remark – If a rational function yields a limit that is

Then we need to manipulate the function to analyze it. 
Try dividing the numerator and denominator by the 
___________ ____________ of x.
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Example 6) Evaluate the limit, if it exists.
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Example 7) Challenge. Given that f(x) = x², Evaluate the 
limit, if it exists. Write your answer in terms of “x”
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Exit Question) Evaluate the limit, if it exists.
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11.3 – Tangents & Derivatives

Objective – One of the great 
connections in Calculus is the 
derivative, and the tangent slope at a 
point.
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Definition – Slope – The slope of a function at a point 
(x, f(x)) is given by the ___________ ______________:

Where “h” is an arbitrary distance (that approaches 
zero) from the point (x, f(x)), and “m” is the slope of 
the ___________ ______! 24



Example 1) Find the slope of the line tangent to the 
graph of f(x) = x² at the point (2, 4). Hint: (x₁,y₁) = (x, 
2x²) and (x₂,y₂) = (x+h, 2(x+h)²).
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Remark – The _________________ rate of change 
occurs when 

This is also known as the ________________ of a 
function!

26



Example 2) Find the instantaneous slope of the function 
f(x) = x² + 3 at the point x = 4.  
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Example 3) Find the derivative f’ of the function f(x) = 
2x² - x. Write your answer in terms of x.
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Definition – Average Velocity – The average velocity of 
an object at two points “a” and “b” is given by

Where f(t) is a ___________ function for any time “t”.
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Example 4) A marathon runner crossed the 2-mile mark 
at 12 minutes. Then, she later crossed the 10-mile mark 
at two hours. What was her average velocity between 
2 and 10 miles? Write your answer in miles per hour. 
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Photo by Miguel Amutio on Unsplash

https://unsplash.com/photos/hBfiJshiBvc


Example 5) Application. A ball is dropped from the top 
of a 500 foot building. The height of the ball is given by 
h(t) = -16t² + 500. What is the velocity of the ball at t = 
2 seconds? Write your answer in feet/second.
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Exit Question) Find the derivative of the function. 
f(x) = 4x
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11.4 – Rules of Derivatives

Objective – We will investigate the 
Power Rule, differential operators, the 
Product Rule, and the Quotient Rule for 
Derivatives
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Remark – Limits allow us to take derivatives at any 
point. But there are also rules that help make 
calculations easier:
1) Constant Rule -
2) Power Rule –

3) Product Rule -
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Example 1) Find the derivative of each function.
(a)   f(x) = 2 (b) f(x) = x³

(c) f(x) = √x (d) f(x) = 1/x⁴

35



Example 2) Evaluate the derivative of the function at 
the point x = 6.
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Example 2b) Challenge. Evaluate the derivative of the 
function at the point x = 8. When necessary, write your 
answer as a fraction and in simplest radical form.
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Example 3) Product Rule. Evaluate the derivative of the 
function “h” at the point x = -1. 
h(x) = 4x(x² + 5x)
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Example 4) Application. A particle is moving along a 
path given by s(t) = 3t² + 4t -2, where “s” is the position 
of the particle at time “t”. Find the instantaneous 
velocity of the particle after 4 seconds.
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Definition – Differentiation Notation – In addition to f’ 
as notation for a derivative, we can also apply a 
____________ _____________ d/dx.

Quotient Rule – Given f(x)/g(x), where f & g are
differentiable and g(x) ≠ 0,
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Example 5) Quotient Rule. Find the derivative of the 
function given by 

41



Example 6) Application. The height of a roller coaster 
can be modeled by the equation h(t) = -2t³ + 80t² + 3 on 
the interval [0,8], where ”h” is in feet. Find the 
maximum height of the roller coaster.
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Exit Question) Find the derivative of the function. 
h(x) = 5x² + 6x - 1
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11.5 – Sequences, Series, & 
Limits

Objective – Limits and derivatives apply 
to sequences and series, and lead us to 
the ”Area Problem”
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Definition – A Sequence is an ____________ ______ of 
numbers, and can be denoted by

f(n) = 

Where “aᵢ” denotes the “ith” term. Note that a 
sequence can be defined _______________, when the 
next term depends on the previous.
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Example 1) The Fibonacci Sequence. Explain the pattern 
in the sequence below, and write a recursive formula 
for the sequence.

1, 1, 2, 3, 5, ...

*Note: this sequence _____________ 46



Remark – Limits of sequences have the same 
properties of limits of functions. Consider the 
sequence defined by 

This sequence ____________, and the limit as “i” 
approaches infinity is given by:
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Example 2) Find the limit of the sequence, if it exists.
(a)

(b)   
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Definition – A _________ is the ____ of all terms in a 
sequence. It is denoted by 

where “i” is the _______ of the summation, “n” is the 
_________ _________, and 1 is the ________ bound. A 
series is ______________ if n = _____. 
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Example 3) Evaluate the sum. 

(a)   

(b)   
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Remark – Summation Formulas:
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Example 4) Evaluate the sum. 

(a)   

(b)   
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Remark – (Challenge) If we know the summation of a 
series, then we can use the formula to evaluate a limit.
Example) Evaluate the limit, if it exists.
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Exit Question) Evaluate the limit.
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